Quantum mechanical grad-B drift velocity operator in a weakly non-uniform magnetic field This paper presents the analytical solution for quantum mechanical grad-B drift velocity operator by solving the Heisenberg equation of motion. Using the time dependent operators, it is shown the analytical solution of the position operators inxðtÞ andŷðtÞ of the particle in the presence of a weakly non-uniform magnetic field. It is also shown numerically that the grad-B drift velocity operator agrees with the classical counterpart. V C 2016 AIP Publishing LLC.
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I. INTRODUCTION
In the field of plasma physics, grad-B drift velocity is a well-known topic. The gyration of the particle or drift motion of a charged particle has gained the interest of many researchers especially after Alfv en 1 and Spitzer 2 had obtained the expression for the drift velocity of a charged particle in the presence of a non-uniform magnetic field. Following that, analytical analysis is getting attention by researchers. Seymour, 3, 4 Hurley, 5 and Karlson, 6 obtained the classical particle drift in a static magnetic field using different analytical approaches. Different approaches are being studied by researchers, e.g., Birmingham 7 uses bounceaverage guiding-center trajectory to solve the drift motion of a charged particle. However, in later research, the drift velocity of a charged particle was studied in a wide field of plasma by using the classical approach. [8] [9] [10] [11] [12] [13] [14] In recent years, the motion of charged particles is getting attention not only in the classical approach but also in the quantum approach. [15] [16] [17] [18] [19] [20] In considering the diffusion of plasmas, it was pointed out more than half a century ago 21, 22 that the wave character of a charged particle should be taken into consideration when the temperature is high, i.e., when the relative speed of the interacting particle is fast. The criterion required for the classical theory to be valid in terms of relative speed g in hydrogen plasma is given as g < 2e 2 =ð4pe 0 hÞ ¼ 4:4 Â 10 6 m/ s, 22 where e and h h=2p stand for the elementary electric charge and the reduced Planck's constant.
As pointed out in Refs. 23-25 that (i) for distant encounters in the plasma of a temperature T $ 10 keV and n ¼ 10 20 m À3 , the average potential energy U $ 30 meV is as small as the uncertainty in energy DE $ 40 meV, and (ii) for a magnetic field B $ 3 T, the spatial size of the wavefunction in the plane perpendicular to the magnetic field is as large as the magnetic length r B ¼ ffiffiffiffiffiffiffiffiffiffi h=eB p $ 2 Â 10 À8 m, 26 which is larger than the typical electron wavelength k e $ 10 À11 m and is around one-tenth of the average interparticle separation n À1=3 $ 2 Â 10 À7 m. Thus, for plasma with temperature T $ 10 keV or higher, ions as well as electrons should be treated quantum mechanically. In current plasma physics, the quantum mechanical effect enters as a minor correction to the Coulomb logarithm in the case of close encounter. 27 Nonetheless, the neoclassical theory 28 is capable of predicting a lot of phenomena such as related to the current conduction.
Such phenomena linearly depend on the change in momentum Dp ¼ mDv or in position Dr due to the Coulomb interaction. The diffusion, however, is a quadratic function change, such as Dp 2 and Dr 2 , and is not properly accounted for in the existing classical and neoclassical theories. Corresponding to these facts, the authors conducted the quantum mechanical analyses [29] [30] [31] [32] [33] on a single charged particle in the presence of external electromagnetic fields, focusing especially on the time development of variance in position and momentum. For the plasma mentioned above, the deviation r r ðtÞ of the ions would reach the interparticle separation n À1=3 in a time interval of the order of 10 À4 s. After this time, the wavefunctions of neighboring particles would overlap, as a result the conventional classical analysis may lose its validity. Plasmas may behave like extremelylow-density liquids, not gases, since the size r r of each particle is of the same order of the interparticle separation n À1=3 . In this paper, it is shown the derivation of drift velocity of a particle in the presence of a non-uniform magnetic field, Landau gauge-like quadratic vector potential A ¼ ÀBŷð1 Àŷ=2L B Þe x , where L B is the magnetic gradient scale length and B is the magnetic flux density. Here, the quantum mechanical grad-B drift velocity operator is obtained and confirmed with the numerical calculation. More importantly, the solution agrees with the classical drift counterpart.
II. TIME DEPENDENT OPERATOR IN A UNIFORM MAGNETIC FIELD
The two-dimensional Schr€ odinger equation is solved numerically [29] [30] [31] [32] [33] and theoretically for a wavefunction w at position r and time t
where V and A stand for the scalar and vector potentials, m and q are the mass and electric charge of the particle under 
where the square bracket ½Á; Á is the commutator,Ĥ is the Hamiltonian,X can be any operator and its time developmentXðtÞ, it is well known that the time dependent operators for positionxðtÞ andŷðtÞ are obtained analytically aŝ
where x qB=m is the cyclotron frequency,P y ¼ Ài h@ y is the y-component of the momentum operator, andP x ¼ Ài h@ x is the x-component of the momentum operator. The expectation value of the positionxðtÞ andŷðtÞ is obtained by implementing the initial condition for wavefunction at r ¼ r 0 with r 0 being the initial center of wavefunction w is given by
where the magnetic length r B is the initial standard deviation and hk 0 is the initial canonical momentum. A particle in a uniform magnetic field can be solved straightforwardly; however, for the non-uniform magnetic case B ¼ Bð1 Àŷ=L B Þe z , the theoretical derivations become long and complicated. Spitzer 2 pointed out that for a general classical equation of drift velocity, it can only be solved analytically by an approximate theory. Hence, in this paper, we solved the Heisenberg equation of motion analytically with the magnetic gradient scale length to first order in L À1 B . In Section V, both the classical and quantum mechanical grad-B drift velocities are obtained.
The grad-B drift velocity analytical solution is compared with the numerical calculation. For the numerical calculation, a two-dimensional Schr€ odinger equation code is developed and the calculation is done on a GPU (Nvidia GTX-580: 512cores/3GB @1.54 GHz), using CUDA. 34 Furthermore, the numerical errors had been removed from the numerical calculation by subtracting the variances in the non-uniform magnetic field from the uniform magnetic field. 29, 30 
III. TIME DEPENDENT OPERATOR FOR WEAKLY NON-UNIFORM MAGNETIC FIELD
In the presence of a weakly non-uniform magnetic field B ¼ Bð1 Àŷ=L B Þe z , a Landau gauge-like quadratic vector potential is given as
Substituting the vector potential in Eq. (6) into the twodimensional Schr€ odinger equation in Eq. (1), the Hamiltonian H for a charge particle with a mass m and a charge q in the absence of an electrostatic potential for the non-relativistic charge particle is given to first order in L
À1
B aŝ
The exact mechanical momentum operator mv ¼P À qÂ ¼ ðmû; mvÞ is given as
wherev is the velocity operator. The mechanical momentum operator mû to first order in L
B is given as
From the Heisenberg equation of motion, the time derivative ofP x is given as
which leads to the definition of the angular frequency operator asX
On the other hand, for the momentum operator in the y-directionP y , we have
In order to derive the time dependent momentum operatorsP x ðtÞ andP x ðtÞ with Heisenberg equation of motion, Eqs. (11) and (13) are expanded using the Heisenberg pictureX
Let us choose the operatorX aŝ 
and so on. The derivations of time derivative of for operatorX of the higher orders are obtained and combined together using the Heisenberg picture. Later on, the expressions are simplified by using Taylor expansion and the time derivative for operator XðtÞ obtained aŝ (20) Note that the operatorP x ðtÞ ¼P x does not change with time, since the HamiltonianĤ in Eq. (7) does not include the position operatorx. Using the results above, the time dependent operator of positionxðtÞ andŷðtÞ is obtained. From operatorP x Eq. (8), the time dependent operatorŷðtÞ is found and shown, to first order in L À1 B as
which leads to
On the other hand, the time dependent operatorxðtÞ is obtained by integratingûðtÞ form Eq. (9b) with time t xðtÞ ¼x þ
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From the operator mû in Eqs. (9), together with the operatorP x ðtÞ in Eq. (20), the time dependent momentum operator mû ðtÞ along x-axis is obtained as
Since the time dependent momentum operator mû ðtÞ is obtained, the grad-B drift operator is obtained straightforwardly aŝ
The expectation value of the grad-B drift velocity operator u rB hû rB i is given as follows:
where mv 0 hmvi ¼ hP À qÂi. When we use the magnetic length of ffiffiffiffiffiffiffiffiffiffi ffi h=qB p as r B , 26 then we have
Note that the first term of u rB coincides with the classical formula for the grad-B drift, and the second term represents the quantum mechanical drift due to the uncertainty.
IV. NUMERICAL CONFIRMATION
In order to confirm the theoretical grad-B drift velocity Eq. (28), the numerical calculation is performed and the results are shown in Fig. 1 . Numerical grad-B drift velocity is obtained by subtracting the position of the particle in the x-direction of a non-uniform magnetic field case from the uniform magnetic case. The subtracted value is the drifted position of the particle in the presence of a non-uniform magnetic field. Note that the constant ð1 þ eÞ from Eq. (29) is the gradient of the increment of the graph in Fig. 1 with e being the numerical error.
In these numerical calculations, the parameters are normalized as mass of the particle m ¼ 1:6722 Â 10 À27 kg, charge q ¼ 1:602 Â 10 À19 C, magnetic flux density B ¼ 10 T, velocity v ¼ 10 m/s, length q ¼ 1:04382 Â 10 À8 m, and time t ¼ 1:04382 Â 10 À9 s. Lengths are normalized by cyclotron radius of a proton with a speed of 10 m/s in a magnetic field of 10 T. The cyclotron frequency in such a case is used for normalization of the time. This normalization leads to the normalized initial standard deviation given as r B ¼ ffiffiffiffiffiffiffiffiffiffi h=eB p ffi 0:777. Let us make the affirmation between theoretical derivation and numerical results by using the deviation analysis below
where e is the numerical error. For analytical solution, since it is exact, the numerical error e ¼ 0 and we will get the exact solution as in Eq. (28) . Comparisons between analytical solutions with numerical calculation are conducted. With various combinations of physical parameters, such as m, q, v 0 , B, and L B , the numerical results of grad-B drift velocity are shown in Fig. 2 and the expression is shown in Eq. (30)
Note that Fig. 2 is the combination of 8 sets of data in Fig. 1 
V. SUMMARY
In the presence of a weakly non-uniform magnetic field or Landau gauge-like quadratic vector potential of A ¼ ÀBŷð1 Àŷ=2L B Þe x , a charged particle, i.e., a proton, will encounter drift effect. In this paper, grad-B drift velocity of a charged particle is solved with considering the quantum mechanical effect by using the Heisenberg equation of motion. It is shown that the grad-B drift velocity operator obtained in this study agrees with the classical counterpart when the uncertainty is ignored. The time evolution of the position and momentum operators are also analytically obtained for the non-relativistic spinless charged particle.
The theoretical derivation solutions do agree with the numerical results on the grad-B drift velocity in the presence of a non-uniform magnetic field. The quantum mechanical grad-B drift velocity formulations clearly show the drift velocity dependence on mass m and gradient scale length L B . The result implies that light particles with low energy would drift faster than classical drift theory predicts.
Here, the analytical solution of the operator in position is obtained. Thus, it is possible to derive the operator for uncertainty in position, and we are able to analyze the quantum mechanical expansion of the particle. In a future paper, the theoretical derivation on the quantum mechanical expansion of variance of a particle in an inhomogeneous magnetic field will be conducted.
